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ABSTRACT The speed of simple diffusional motions, such as the formation of loops in the polypeptide chain, places one
physical limit on the speed of protein folding. Many experimental studies have explored the kinetics of formation of end-to-end
loops in polypeptide chains; however, protein folding more often requires the formation of contacts between interior points on
the chain. One expects that, for loops of fixed contour length, interior loops will form more slowly than end-to-end loops, owing to
the additional excluded volume associated with the ‘‘tails’’. We estimate the magnitude of this effect by generating ensembles of
randomly coiled, freely jointed chains, and then using the theory of Szabo, Schulten, and Schulten to calculate the corre-
sponding contact formation rates for these ensembles. Adding just a few residues, to convert an end-to-end loop to an internal
loop, sharply decreases the contact rate. Surprisingly, the relative change in rate increases for a longer loop; sufficiently long
tails, however, actually reverse the effect and accelerate loop formation slightly. Our results show that excluded volume effects
in real, full-length polypeptides may cause the rates of loop formation during folding to depart significantly from the values
derived from recent loop-formation experiments on short peptides.

INTRODUCTION

The formation of contacts between the residues of a disor-

dered polypeptide chain by diffusion constitutes one ele-

mentary step in the folding of a protein, a process that can

occur in a time as short as a few microseconds (1). The speed

at which these intrachain loops form, especially in short

polypeptides, has therefore been interpreted as a physical

upper limit for the possible speed of protein folding (2). A

number of studies have used laser pump-probe spectroscopy

or fluorescence correlation spectroscopy to measure this

timescale; for sufficiently short, flexible polypeptides the

contact time approaches ;10�8–10�7 s (3–7). Loop-forma-

tion kinetics and statistics have also been addressed in theory

and in simulation, both for polypeptide chains and for more

general polymers (8–26).

Such studies have primarily focused on the formation of

‘‘external’’ or end-to-end loops, in which the two endpoints of

a chain diffuse into contact with each other. In the folding

of a protein, however, a more relevant case is the appearance

of ‘‘internal’’ loops, in which two interior points on the chain,

distant from the chain termini, make contact (Fig. 1 A). This
is also the more important case in other biomolecular phe-

nomena, such as DNA looping, which can play a key role in

transcriptional regulation and other aspects of gene expres-

sion and replication (27). (The end-to-interior loop is of

course a third case.) In general one expects that internal loops

will form more slowly than end-to-end loops of equal con-

tour length, if only because the additional residues extrane-

ous to the loop contribute excluded volume in the vicinity of

the two contacting residues, thereby reducing their proba-

bility of interaction. The ‘‘tails’’ may have additional, purely

dynamical effects as well. Such considerations suggest that

studies of end-to-end loop formation may overestimate the

rates of the diffusional motions relevant to structure forma-

tion during early stages of folding.

We have conducted simulations to estimate the magnitude

of this effect. Our objective is to determine how the rate of

formation of an intrachain loop is affected by the addition

of tails, or further chain segments, external to the loop. We

calculate loop formation rates as follows: first, we generate a

random ensemble of hard-sphere, freely jointed chains that

satisfy an excluded-volume condition (Fig. 1 B); second, we
extract from these ensembles the probability distribution,

P(r)dr, for the separation r between two residues on the

chain; third, we apply the first-passage-time theory of Szabo,

Schulten, and Schulten (the SSS theory (23)), which cal-

culates the product Dt from the distribution P(r). Here, t is

the mean time to formation of the intrachain contact, and D
is the effective diffusion constant for reconfigurations of the

chain. Therefore, we simulate the equilibrium probabilities

for the chain configurations, and SSS theory provides the

loop-formation kinetics from those probabilities. As ex-

pected, converting an external loop to an internal loop by

adding even a few additional chain segments can signif-

icantly slow the kinetics of loop closure. Interestingly, how-

ever, the slowing effect is more pronounced for loops of

greater contour length. We also find that as the tail grows

sufficiently long, it can actually enhance the loop formation

rate. These findings constitute experimentally testable pre-

dictions for the SSS theory. Our calculations also show that

contact formation times predicted by the full SSS theory can

deviate significantly from those obtained in a widely used
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‘‘approximate’’ SSS theory, especially for the very short

chains that are most commonly studied in experimental

work. These results show that investigations of loop forma-

tion in polypeptides may be subject to significant excluded-

volume effects: even the attachment of bulky photosensitive

or fluorescent groups to the chain termini, to serve as spec-

troscopic reporters of contact formation, could introduce

enough excluded volume to alter the dynamics that the ex-

periment aims to study. They also indicate that the approx-

imate form of SSS theory should be applied with caution,

especially in studies on short chains.

Previous experiments and simulations

A number of spectroscopic studies have examined contact

formation in polypeptide chains. Some of the first were per-

formed by Haas et al. (28,29), who used fluorescence

resonance energy transfer to measure the probability distri-

bution P(r) for interresidue distances in synthetic oligopep-

tides, and to estimate the effective diffusion constant D for

reconfigurations of an unfolded protein (29,30). Time-

resolved studies of the intrachain ligation of unfolded cy-

tochrome c, a very short-range intrachain reaction, allowed

more confident estimates of the speed of contact formation in

disordered polypeptides (7). Bieri et al. (5) and, later,

Lapidus et al. (6) initiated the use of triplet photoexcitation

and quenching to study contact-formation in short, synthetic

peptides. These studies showed that the contact formation

rate scales approximately as the �3/2 power of the number

of peptide bonds in the loop, with a limiting contact-for-

mation rate exceeding 107 s�1 for the shortest polypeptides.

More recent studies have examined the effects of such

parameters as amino acid composition, temperature, solvent

composition and viscosity, and secondary-structure tenden-

cies (4,17,25,25,31–36).

The differences between internal and external loop dy-

namics are much less well studied. Lee et al. (32) used fluo-

rescence and triplet energy transfer methods to investigate

contact formation between various pairs of residues within a

disordered protein; some of these contacts resulted in internal

loops. In fitting the decay curves to different models, they

calculated a slower diffusion constant in the formation of

these loops. They interpreted this as possible evidence for a

drag (dynamical) effect associated with the external seg-

ments. Buscaglia et al. (25) used fluorescence resonance

energy transfer to determine contact formation rates for end-

to-interior loops. They added a tail of one residue to the end of

a loop of 11 residues. They found that this decreased the rate

of loop formation by a factor of 0.7.

The theory and simulation literature contains a number of

studies of contact formation in polymer chains (8–26,37). If

N is the number of residues in a closed loop, the fraction of

chains (at equilibrium) that contain such a loop is expected to

scale as N�a, where a is the scaling exponent, which is found

to vary in the different cases of internal and external loops.

Wittkop et al. (21) and Redner (24) provide an extensive set

of references on calculations of these exponents, along with

their own estimates. Here we summarize only some of these

earlier results. Chan and Dill (11,12) exhaustively enumer-

ated all the configurations of a flexible chain on a cubic lattice

to calculate the probabilities for loop formation in three-

dimensional chains. They obtained values of a � 1.99 for

external loops, 2.18 for end-to-interior loops, and 2.42 for

internal loops, demonstrating significant differences in the sta-

tistical behavior of the three cases. This presumably implies

different loop-closure kinetics as well, although these equilib-

rium exponents do not directly predict the kinetic behavior.

Sheng et al. (14,15) used Monte Carlo simulations to es-

timate the loop-formation probabilities for internal and ex-

ternal loops in freely jointed chains. In their calculations, a

designated pair of residues interacts via a strong and short-

range attraction. Each chain conformation generated in the

simulation is then classified as belonging to one of two

states: a loop closed at those two residues, or else an open

FIGURE 1 (A) Three different cases for loop formation in a diffusing

polymer chain. The presence of tails of additional residues at one or both

ends of the loop converts an external loop to an end-to-interior or internal

loop, respectively. t is the average time for formation of a contact between a

particular pair of monomers. (B) Freely jointed chain with excluded volume.

The bonds linking consecutive monomers on the chain are of unit length,

and each monomer is a hard sphere of diameter l. The tail length LT is the

number of monomers in the tail. The loop length LL is the number of

monomers that make up the loop, including the contact monomers. A loop is

formed when the centers of the monomers of interest have a distance a or

less between them.
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coil. By fitting the T-dependence of the ensemble-average

state (i.e., loop or coil) to a two-state melting transition, these

authors obtained the entropic cost DS for closing a loop: they
could then determine the scaling exponents DS } a log(N).
They found values very similar to those of Chan and Dill

(11,12). They then used the loop-coil fluctuation dynamics to

estimate the scaling behavior of the contact-formation rates,

based on an elementary entropic-barrier activation model of

the contact-formation dynamics.

However, the Sheng et al. analysis does not directly reveal

the effect on the loop-formation rate of simply converting an

external loop to an internal loop by addition of a few tail

segments. Further, their model for the dynamics relies on a

simple two-state assumption that, though satisfactory for

calculating the entropic cost of loop formation, does not take

into account the influence of the distribution of chain con-

formations at equilibrium; however, in a first-passage-time

theory, the shape of that distribution plays a critical role in

the loop-closure dynamics.

Hyeon and Thirumalai (37) used a first-passage-time

approach to calculate the rate of formation of interior con-

tacts in semiflexible polymers. They derived a probability

distribution for the distance between pairs of interior points

in a wormlike chain, and from this distribution they gen-

erated a potential of mean force for the chain dynamics. By

then developing a Kramers theory for passage over the po-

tential barrier, they calculated the variation in the contact-

formation time as a function of the chain stiffness (i.e.,

persistence length). The model focuses on the role of the

polymer’s persistence length, however, and does not account

for the excluded volume of the chain itself. For this reason,

the probability distribution was insensitive to the presence of

tail residues outside the core loop, and the presence of tails

does not suppress loop formation.

Buscaglia et al. (25) implemented the Wilemski and

Fixman theory (using an expression similar to our Eq. 2

below) to calculate loop-formation rates for wormlike chains

that were subject to an excluded-volume constraint. Their

simulations showed that converting the 11-residue external

loop to an end-to-interior loop decreased the contact forma-

tion rate. However, although their results illustrate the poten-

tial effect of excluded volume on loop formation, their data

and simulations lack the resolution and scope to allow any

detailed conclusion about the role of parameters such as tail

length, loop contour, and contact placement (i.e., end-to-

interior versus internal) in this effect. These parameters are

important in the practical problem of loop formation in pro-

tein folding (for example), and therefore their role is the

focus of this study.

METHODS

SSS theory

Although there is no universally accepted theory for the calculation of loop-

formation times in polymer chains, the first-passage-time theory (SSS theory

(23)) has been tested through comparisons to Langevin dynamics simula-

tions of both Rouse chains (18) and realistic short peptides (33). Such com-

parisons have shown that the one-dimensional diffusion approach of SSS

describes the dynamics of the peptide chain with good accuracy, and so the

theory should provide useful insight into the effects of different loop con-

figurations on the contact rate.

In this approach, one considers a fluctuating variable (here, the separation

r between the two residues at the loop termini) and estimates the average

time required for that variable to reach a particular value. The mean first

passage time is the average, over the probability distribution of the variable,

of that first passage time. SSS theory is a mean-first-passage-time calculation

for the rate of a diffusion-controlled reaction that occurs in a symmetric force

field in one dimension (r) and is likely to be described by first-order (i.e.,

exponential) reaction kinetics. For intrachain contact formation in a polymer

chain, the dynamics of r are controlled by an effective force field between

the two reacting residues:

UðrÞ ¼ �kBT ln ðPðrÞÞ: (1)

Here, P(r)dr is the equilibrium probability distribution for the distance r
between the residues. SSS theory uses the Smoluchowski equation to de-

scribe the diffusion of the system in this force field, and calculates the mean

passage time t of the ensemble to the formation of a contact at r ¼ a:

t ¼
Z LL

a

dx

DðxÞPðxÞ
Z LL

x

PðyÞdy
� �2

: (2)

Here, LL is the contour length of the loop, D(x) is the effective diffusion

constant, and a is the contact radius (i.e., the residue-residue separation that

defines the formation of a contact). SSS theory therefore relates a kinetic

quantity, t, to the equilibrium probability distribution P(r)dr. For the pur-

poses of this article, we assume that the effective diffusion constant D is

independent of r and also independent of the chain contour length. D pre-

sumably depends on the viscosity of the solvent, the persistence length of the

polypeptide, and the internal friction of the chain (38). From the probability

distribution P(r) calculated for a particular length of chain and a particular

pair of residues, we can then numerically integrate Eq. 2 to obtain the

product Dt, describing the rate of closure of the loop.

It should be noted that SSS theory does not necessarily provide an

accurate absolute rate, however. Portman (39) has shown that, given the

microscopic diffusion constantD, the SSS (one-dimensional) andWilemski-

Fixman (closure-approximation) (40) theories lead to lower and upper

bounds, respectively, on the first contact time in loop formation. That is, the

SSS approach—replacing the full dynamics with diffusion on a one-

dimensional potential of mean force—is a valid approach, but inserting the

diffusion constant of a free monomer for the value of D will lead to an

underestimate of the contact time. We do not try to insert a value forD, as we

are interested in relative changes in the contact times, rather than absolute

rates. In the figures that follow we show the contact-formation time as the

product Dt.

Generation of P(r) distributions

We model the polypeptide as a freely jointed chain (41) of N hard-sphere

monomers, separated by bonds of unit length. (Fig. 1 B) The diameter of the

hard spheres is given by l, the excluded-volume parameter. Two monomers

are said to make contact when their centers are separated by a distance a. For

a given pair of sites on the chain, we define R2 as the mean-square value of

the distance r between the sites. For the ideal chain (i.e., l¼ 0), one has R2¼
N in the limit of large N. In that case, the probability distribution P(r) is

Gaussian, regardless of whether the points define an internal or external loop.

We obtain P(r) for a given freely jointed chain in the presence of ex-

cluded volume (l. 0) by creating an ensemble of chains. Each chain in the

ensemble is constructed as follows: we place one monomer at the origin, and

then place a second monomer in a random location on the surface of the
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sphere of unit radius that centers on the first monomer. Subsequent mono-

mers are each placed at unit distance from the preceding monomer, and in a

random location on the unit sphere surrounding that monomer. This con-

struction ignores the excluded-volume constraint: monomers or links may

cross or overlap in space. It produces an ideal chain of N monomers having

N � 1 links of unit length.

We then apply the excluded-volume condition to the chain. We calculate

the distances between all nonadjacent monomers; if any interresidue

distances are ,l, the chain is discarded. Otherwise, it is retained in the

ensemble. We continue in this fashion until the ensemble contains at least 8

million random chains of length N, unbiased except for the excluded-volume

constraint. Each chain in the ensemble resembles a necklace of hard spheres,

each of radius l/2 and separated from its two neighbors by a bond of unit

length, and with no spheres overlapping.

We can select a pair of sites (e.g., monomers 1 and N) on the chain and

construct a histogram of the distance r between those monomers for all

chains in the ensemble. Values of r range from the excluded-volume

parameter l to the loop contour length. The number of monomers in the loop

is denoted by LL, making the loop contour length LL � 1. The histogram,

when normalized to unit area, gives the equilibrium probability distribution,

P(r), for the distance between the selected residues (Fig. 2). By numerically

integrating this P(r) in the SSS expression (Eq. 2), we find the average

contact time Dt. We use the excluded-volume parameter l as the contact

radius a: loop closure requires the two hard spheres to make their closest

possible approach.

To estimate the error in our measurement of Dt, we divide the 8 million

chains into 10 subsets of 800,000 chains. We calculate the average contact

time for each subset, and then take the error as the standard deviation of these

averages for the 10 subsets.

RESULTS AND DISCUSSION

Probability distributions

Fig. 2 A shows the P(r) for external loops of 10 monomer

units, at the three different values of the excluded volume

parameter, l ¼ 0, 0.5, 1.0. Not surprisingly, greater l shifts

P(r) toward larger r: all parts of the polymer chain move

farther apart, including those that will form the loop. Fig. 2 C
shows the effective potentials U(r) (Eq. 1) that, in SSS

theory, determine the diffusional dynamics of loop formation

for these chains. The shape of U(r) (and P(r)) at small r has a
strong influence on t, because the contact time is the time

required for the system to diffuse up the steep curve at small

r to reach r ¼ l.
Fig. 2 B shows the effect of converting the 10-monomer

external loop to an internal loop, with excluded volume fixed

at l ¼ 1. The figure shows the probability distribution P(r)
for the distance between monomers 1 and 10 in a chain, as

both chain termini on the ends of the loop are extended by

additional segments (tails) of length 0, 1, and 10 monomers.

The addition of the tail segments suppresses P(r) very

slightly at small r, leading to slightly higher probability at

large r. This small shift indicates that an SSS calculation (Eq.

2) will find a slower rate of contact formation for larger tails.

Contact time versus tail length: internal loops

Fig. 3 shows the contact times, calculated from the P(r) and
Eq. 2, as a function of tail length LT, for several different
values of the loop length LL. Contact times, t(LT), are nor-

malized to the corresponding external loop time, t(0) (for the
same loop contour length), for comparison. The figure also

shows the behavior of the ideal chain—a horizontal line at

constant t(LT)/t(0)—for which the distribution P(r) is unaf-
fected by the addition of tails. We see that adding even a few

residues to convert an external (LT ¼ 0) loop to an internal

loop can significantly affect the rate of contact formation. For

the l ¼ 1, LL ¼ 10 chain, the contact time nearly doubles

with the addition of just one monomer at each terminus.

FIGURE 2 Probability distributions P(r) and corresponding potentials

U(r) for internal and external loops. Each distribution comprises 8 3 106

simulated chains. (A and C) P(r) (A) and U(r) (C) for an external (LT ¼ 0)

loop of 10 monomers, for different values of the excluded-volume parameter

l. Distributions shift outward in r as l increases. (B andD) P(r) (B) andU(r)

(D) for loops of 10 monomers with l ¼ 1. As tail length increases, dis-

tributions shift outward in r. (Note that the l ¼ 1, LT ¼ 0 case appears in all

panels for comparison). Bin size is 0.01 distance units.

FIGURE 3 Effect of tail length on contact time t for internal loops.

Values of t for loops with tail length LT are normalized to the value of t for

the same loop but with LT ¼ 0. The horizontal line describes the behavior of

an ideal chain, for which l¼ 0. Solid curves are fits to the empirical function

of Eq. 3.
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Not surprisingly, the influence of the tails increases as the

excluded-volume parameter increases. The contact time for

the l ¼ 0.5, 10-monomer chain increases by ;1.4 times as

LT increases from 0 to 10, whereas the contact time for the

l ¼ 1.0, 10-monomer chain increases almost threefold over

the same range. It is perhaps surprising that the effect of the

tails is more pronounced for longer loops than for shorter

loops; the trend predicts greater suppression of internal loop

formation during the folding of longer polypeptides. In the

context of SSS theory, this is a consequence of the fact that

the effective potential U(r) (Eq. 1) at small r is increased by

two separate effects—lengthening the contour of the loop

and adding tail residues—and t is essentially exponential

(Eq. 2) in U(r). An increase of both loop contour and tail

length together has a multiplicative effect in increasing t.
The variation of t with tail length LT in Fig. 3 resembles

the variation of the loop closure probability with tail length,

as calculated by Chan and Dill (12) for lattice polymers: like

the probability, the contact time changes rapidly with the

addition of the first few tail residues and then saturates, with

little additional change as the tails grow still longer. The

saturation of t is not surprising, since tails will random-walk

outward from the vicinity of the loop termini; subsequent

residues added to the tail have an ever-diminishing proba-

bility of residing near the contact points. It is interesting,

however, that the saturation occurs more slowly for loops of

greater contour length: the longer the loop, the greater the

role of every residue along the tail in slowing loop formation.

Fig. 3 also shows another interesting finding: the saturation

effect in t(LT) for internal loops is quite accurately described
by a simple empirical function,

tðLTÞ ¼ tN � tN � t0

11
LT

L0

0
BB@

1
CCA (3)

(Fig. 3, solid curves). Here tN is the value of t at LT / N
and t0 is the value at LT¼ 0. Table 1 gives the fit parameters,

and Fig. 4 shows the fit parameters as a function of loop

length. tN and L0 both vary with LL. The ratio of parameters

tN/t0 scales linearly with LL, showing again that the tails

have a greater relative effect on longer loops. The parameter

L0 indicates roughly how many tail residues are required to

raise t to its limiting value. Evidently, this number equals

10–15% of the loop contour LL (Fig. 4 B); again, adding the

initial few residues to the tail has the greatest effect on the

loop rate, but subsequent residues at the tail play a role in

longer loops.

Fig. 5 shows the absolute (not normalized) contact times

versus loop contour length LL for different values of the tail

length, LT. Not surprisingly, Dt increases sharply with loop

length, although it does not follow the power law (i.e., L
3=2
T )

scaling often attributed to SSS theory (see below). The figure

shows that loop length and tail length have comparable

effects on contact time: the effect of adding tails is by no

means negligible compared to the effect of increasing the

loop contour. The same can be said of excluded-volume

effects; variations of l have large effects on t. The inset to the
figure (showing a logarithmic scale) confirms the surprising

finding that the relative enhancement of t by the tails

increases as the loop contour becomes longer.

Contact time versus tail length:
end-to-interior loops

Fig. 6 shows the contact time versus tail length for four end-

to-interior loops, all with l ¼ 1. The figure shows, for

example, that for a loop of 10 residues, a single tail of five

residues (i.e., an end-to-interior loop) suppresses the contact

rate by a factor of ;1.46. By comparison (cf. Fig. 3), the

addition of two five-residue tails (i.e., forming an internal

loop) suppresses the contact rate by a factor of 2.71, i.e., by a

factor that is .(1.46)2 or 2.13. The presence of two tails has

a contact-suppressing effect greater than the product of two

single-tail effects. The tails evidently interact with each

other, further expanding the chain, in addition to simply

blocking contacts between the loop termini.

FIGURE 4 Parameters from fits of the data of Fig. 3 to the empirical func-

tion of Eq. 3. (A) tN/t0 increases linearly with loop length, indicating that

the effect of the tail grows directly as the loop contour length LL increases.

(B) L0 also increases with loop length with a less than linear dependence.

TABLE 1 Values of parameters in fit of Dt versus LT to Eq. 3

LL l Dt0 DtN L0 tN/t0

10 0.5 10.4 6 0.1 18.2 6 0.2 2.6 6 0.2 1.75 6 0.03

5 1 5.78 6 0.09 11.61 6 0.06 0.58 6 0.04 2.01 6 0.02

10 1 41 6 2 132 6 2 1.2 6 0.1 3.18 6 0.04

15 1 103 6 5 430 6 10 2.3 6 0.3 4.16 6 0.06

20 1 190 6 10 990 6 70 3.3 6 0.6 5.2 6 0.1
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We did not fit the data in Fig. 6 to the empirical function of

Eq. 3 because the data show an interesting behavior not seen

in internal loops: the contact time actually decreases for

sufficiently long tails, longer than approximately seven

residues. The decrease is quite weak, and one may question

whether the effect is actually significant above the noise level

in the figure. To verify that the contact time really is

decreasing with increasing tail length, we show (Fig. 7)

selected probability distributions that were plotted for end-

to-interior loops, along with pairwise differences between

these distributions. Fig. 7 shows the distributions P(r) for
three different tail lengths, attached to a 10-residue loop.

Adding the first five monomers to the end-to-end loop shifts

P(r) to the right, as in Fig. 2. However, further increasing the
tail length to 20 causes a slight broadening of the probability

distribution. This can be seen more clearly in the difference

between the LT ¼ 5 and LT ¼ 20 distributions; that dif-

ference, shown in the lower panel of Fig. 7, is positive at both

smaller and larger r, but negative in the middle range (r ¼
4–5). Therefore, relative to a loop with a short, five-

monomer tail (i.e., LT¼ 5), the loop with a long 20-monomer

tail (LT ¼ 20) is described by a broader distribution P(r),
with a greater probability of both compact (i.e., closed loop)

and more extended configurations, and a slightly lower

probability of intermediate configurations. One might inter-

pret this result by assuming that long tails tend to take an

average dimension that is comparable to the average di-

mensions of the loop region itself. Then the tail and the loop

region overlap physically; the excluded volume constraint

would then tend to favor configurations of the loop residues

that are either slightly more compact or slightly more

extended than usual. The resulting (weak) enhancement of

the loop-formation rate is an interesting and unexpected

consequence of adding a tail to the loop. Although this same
FIGURE 5 Contact time versus loop length for (A) internal loops and (B)

end-to-interior loops. For all data, l ¼ 1. (Inset) Same data on a log-log

scale, indicating that the contact time does not obey a power law in the loop

length. Dashed lines are drawn to guide the eye.

FIGURE 6 Contact time versus tail length for end-to-interior loops.

Contact time initially increases with the addition of a short tail, but then

decreases slightly if the tail grows sufficiently long. Dashed lines are drawn

to guide the eye.

FIGURE 7 Upper panel shows probability distributions for end-to-interior

loops of LL ¼ 10, for varying tail lengths LT ¼ 0, 5, and 20. The distribution

P(r) shifts to the right as LT increases from 0 to 5, but broadens slightly as LT
further increases from 5 to 20. Lower panel shows the differences between

these distributions: (thin solid curve) difference between the LT¼ 0 and LT¼
5 distributions; (heavy solid curve) first derivative P9(r) for LT ¼ 0, scaled to

overlap the thin solid curve; (dashed curve) difference between the LT ¼ 5

and LT¼ 20 distributions; (dotted curve) second derivative P$(r) for LT¼ 5,

scaled to overlap the dashed curve.
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enhancement was not seen in the internal loops (Fig. 3), we

expect that it would occur for those loops as well, once the

tails become sufficiently long.

Fig. 5 B shows how contact time varies as a function of

loop length for end-to-interior loops. The plot resembles the

internal-loop case (Fig. 5 A), although t shows a less drastic
dependence on tail length.

The findings above make some interesting predictions for

experimental studies of contact formation in polypeptides

and nucleic acids. Contact formation in oligopeptides has

been of particular interest recently, although only very

minimal experimental data comparing internal/external loop

formation in peptides has been published (25). Aside from

the lack of data, the problem that arises in comparing our

simulation to experiment is of course that we have treated the

polypeptide as a freely jointed chain, whereas polypeptides

are not freely jointed. We can, however, estimate the length

of unfolded polypeptide that would correspond to one

segment of the equivalent freely jointed chain. The persis-

tence length Lp of an unfolded polypeptide can be estimated

from atomic force microscopy (42,43) or by other methods

(25): values of Lp � 0.4–0.44 nm appear typical. From the

0.38-nm bond distance separating consecutive Ca atoms

in an unfolded polypeptide, one then estimates that the

equivalent freely jointed segment (i.e., the statistical seg-

ment) of an unfolded polypeptide is 2Lp � 0.8–0.9 nm, or

;2.1–2.4 residues. This argument (and the parameters in

Table 1) suggests that addition of two residues on a short

polypeptide chain will be almost sufficient to give the full

(i.e., saturated) slowing effect in the contact-formation rate.

We are aware of only one experiment that bears on this pre-

diction: Buscaglia et al. have recently used laser spectros-

copy to measure the loop formation rate in a short synthetic

peptide of 11 residues (25). Based on the above estimate for

the effective segment length of polypeptides, an 11-residue

polypeptide chain corresponds to roughly N ¼ 5 freely

jointed monomers. Those authors found that adding a tail of

one peptide bond reduced the contact formation rate by

;30%. A tail of nine bonds appeared to give a net effect of

;40%; that is, there was little additional effect on the loop

formation rate. This appears generally consistent with the

;30% effect seen on the contact rate of the N ¼ 5 chain in

Fig. 6. However, more detailed experimental studies would

be needed to confirm agreement with the simulation studies

described here.

Error in SSS approximation

Szabo et al. showed that inserting the ideal chain P(r) into
SSS theory, Eq. 2, leads to an expression that can be approxi-

mated by a power series in a ¼ (3/2)1/2 (a/R), where a is the

value of r that defines the formation of a contact (23):

3D

R
2 t ¼

ffiffiffiffi
p

p
2a

1 ln 2� 1�
ffiffiffiffi
p

p
2

a1
4

3
a

2 1 . . . : (4)

If the contact radius a is much smaller than the root mean-

squared distance between the loop termini, R, this series can
be truncated at the first term, giving

Dt ¼ R
3

3a

ffiffiffiffi
p

6

r
: (5)

This simple expression predicts a scaling t } R3 � N3/2, a

result often cited as the SSS prediction for the contact

formation time (5,6,16–18,33,35,44). The error introduced

by retaining only this first term in Eq. 4 can be substantial,

however. For the simple case of a freely jointed chain with

no excluded volume, Fig. 8 shows the error introduced by

truncating the series (Eq. 4) at successive terms, relative to

the numerically integrated SSS result, Eq. 2, for a freely

jointed ideal (i.e., l ¼ 0) chain. The errors grow large for

chains of ,;20 monomers. Including only the first term

results in errors of order 20% for a 25-monomer loop, and

;125% for a five-monomer loop. Including the second term

reduces the error only to;40% for the eight-monomer loop.

Hence the first term approximation to SSS theory is

relatively inaccurate for loops of ,;20 monomers. If such

a freely jointed loop is roughly analogous to an;40-residue

peptide loop, one should not expect the first-term approx-

imation to be very reliable when applied to most loop-

formation experiments on short, synthetic peptides.

CONCLUSIONS

The formation of intrachain contacts in an unfolded poly-

peptide is an elementary step in protein folding. Recent in-

terest in the dynamics of contact formation has been largely

motivated by the goal of determining a physics-based limit to

FIGURE 8 Accuracy of successive approximations to the SSS theory.

The horizontal line represents the exact result of Eq. 2 from numerical

integration of P(r) for an ideal (l¼ 0) freely jointed chain. The other curves

represent the error introduced by truncating the series expansion of SSS

theory (Eq. 4) at successive terms. The number of freely jointed residues in

the loop appears along the top of the figure. Using only the first term in Eq. 4

(i.e., the first approximation to SSS theory) introduces an error of;100% in

the contact time t for a loop of a ¼ (3/2)1/2(a/R) ¼ 0.5. In fact, for a loop of

approximately six residues in a freely jointed chain, one must retain at least

four consecutive terms in Eq. 4 to reduce the error in t to ,;50%.
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the possible speed of folding of small, designed polypep-

tides. We have used a simple freely-jointed chain model,

with hard-sphere excluded-volume interactions, to investi-

gate how the position of the nascent loop within the chain

influences the rate of loop formation. Applying the SSS the-

ory to the resulting distributions shows that one can expect

significant slowing in the dynamics as external loops are

converted (by addition of extra residues at the termini) into

internal loops. For a relatively short loop of 10 links, the

presence of just a few additional monomers outside the loop

slows the rate of contact formation threefold. Tails appear to

have an even larger effect on closure rates of longer loops,

such as those that appear in folded protein structures. In this

sense, experimental studies on end-to-end contact formation

in short, synthetic polypeptides may substantially overesti-

mate the limiting kinetic rates relevant to early events in

protein folding. We find that a simple empirical law seems to

describe the tail-length dependence of the loop-formation

rate. We also observe interesting crowding effects, including

a synergistic effect of two tails (relative to single tails) and a

weak acceleration of the contact formation rate in the case of

sufficiently long tails. These predictions are amenable to ex-

perimental test: such experiments would be of particular

interest as a test of the SSS theory used here, in which the

chain statistics alone essentially determine the rate of contact

formation. SSS theory does not take account of any possible

purely dynamical or drag effects resulting from tails.

Of course, although folding is certainly a heavily damped

diffusional process, one may question whether contact for-

mation actually does represent the most stringent physical

limit on folding rates. One must expect other factors to play a

role as well. The internal friction of the chains, a phenom-

enon that has received considerable attention in the homo-

polymer dynamics literature (45), appears to influence

polypeptide dynamics on the loop formation timescale (mi-

croseconds or nanoseconds). It may therefore have a limiting

effect on folding speed (2). Also, as mentioned above, the

simple SSS theory used here does not take account of dy-

namical effects of introducing tails onto the termini of a loop

(i.e., effects of the additional viscous drag hindering loop

closure). As they are ultimately critical in determining the

physical forces that set the limits on protein folding dy-

namics, these effects will certainly be subject to more

detailed study through theory, simulation, and experiment.
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